OPKFDD HABHE RIS == shyd #43 363

OPKFDD #43& % =9 8343 23

ool Fg  eltol W oAty Y

2 ¢

OPKFDD (Ordéred Pseudo-Kronecker Functional Decision Diagram}t 2+ wEel4 thokg 834bil(decomposition)§ 3% 4 &
Ordered-DD (Decision Diagram)¥] ¥ ##24] Z xE5lth Shannon, positive Davio, 71213 negative Davio #7332 #t8 AM3EE &
o g 279 DD sy L2 $o k22 5@ BEY 4 A 28d F x2uid #7] 08 33 9EE HYY F e 53 9
B 948 == d@ B3 e @44 A OPKFDDY 27[7F A9 Hie x5 $& & OPKFDDH #4& vt o8¢ 84
2 4#A Utk # =FeAM= DD @18 J1FE = 8 o 7% OBDD (Ordered Binary Decision Diagram) A8 72N Z kE9)
#3hd& d48e ABH(heurstic)y! THE AAlsa, old U oMol dMA 2 o] 4 WHE YR dndEE Aot
4% BHE HAEG

Decision of the Node Decomposition Type
for the Minimization of OPKFDDs

Migyoung Jung'- Min Hwang'- Gueesang Lee' - Youngchul Kim''

ABSTRACT

OPKFDD (Ordered Pseudo-Kronecker Functional Decigion Diagram) is one of ordered-DDs (Decision Diagrams) in which each node can take
one of three decomposition types : Shannon, positive Davio and negative Davio decompositions. Whereas OBDD (Ordered Binary Decision Diagram)
uses only the Shannon decomposition in each node, OPKFDD uses the three decompositions and generates representations of functions with smaller
number of nodes than other DDs. However, this leads to the extreme difficulty of getting an optimal soluticn for the minimization of OPKFDD,
Since an appropriate decomposition type has to be chosen for each node, the size of the representation is decided by the selection of the decomposition
type. We propose a heuristic method to generate OPKFDD efficiently from the OBDD of the given function and the algorithm of the decision
of decomposition type for a given variable ordering. Experimental results demonstrate the performance of the algorithm.

7192 : DD, OBDD, ETDD, OPKFDD, M&H(Decomposition)

.M B

Ho] B U5z gusE =z RUE A9
aHEE o) 4% F¥ ¥ DD (Decision Diagrams)7}
AAEHo =YA, H2E a8ln 323 F(verification) %
22 oy A MAAFHEA ¢id HEHo fgot o
2 714 79 DDFA AAR 74 @ol AgEa e
A& OBDD (Ordered Binary Decision Diagrams)eltt[1].
@4 OBDDY €&4W4: tf Holarla jlen ol 8
gt B4 oJolx o8 71X ojibEr(discrete function) %,
oA, FE2 A cube set), e T4 (arithmetic func-

* o] =¥& 000dE Aduiga Srad7e A st ATHUE.
t A Y 4 Addya dead 243459
11 2084 Add%aE R4 TL AU 25
tH 4 3 4 dddda 4A34s as
EER4 20029 349 59, AALEE < 20029 69 26

tion)§9 AfAE HEHH ol & wEPse aPYZ
REE A, AR ofl HE We EoME df
+ #83A 203 it BY Fr|Hoz oY aHE
82 21 549 33 H(canonic) EEYTH FA4 AlE9
HYH Fo& A% 6§ 11 Aol Foljg Agoin.
DD¢} Ahge] FEsie wat o2 71X ¥Ee DD}
AAEAen 1 FAMNE FEHU AL OFDD (Ordered
Functional Decision Diagram)°|®i[2] ol 2& ¥+E U

MiE, F 28 leveldl =EoA positive Daviosh negaive

DavioF ¢ 3 1& A48 %% g OFDDZ % ¥ OKFDD
(Ordered Kronecker Functional Decision Diagram) [3-6]7}
AokElen ol L wde mEoiA A 7HA] #F3H(de-
composition)$! Shannon, positive Davio, negaive Davio% 2]
FUE AHSSIEE gt B olE o HHA HEH
OPKFDD [7]= 7t :==ritt 8] A &7 FolA 1o



364 FREHIEB=EX A MFAH MIE20029)

e HEszg @ i Wt DDe 4 =29 &
g ofd Bde Mdwsi=ue oelA DDY 2F74
AR 9t

7t k29 B WS A 7H 8390 Shannon, positive
Davio, 18] 1 negaive Davio %% % @7l4& A9}
7t == Yo %o Yold e EAFT Hi 9
7Fed & € FolAH6] OPKFDDS 74 n 79 YHds
o dEiA 3¥ e AR gE 38 ¢ & denz o
& Ha3Es a7 g3 o B34e g4 8o,

A& o T Fo3 e 7 ab + ac’ + a'bc B E
W (29 DI Zo] 2 @58 3ds=d A Dhe
FFA wEdN 288 =9 7 dan (29 DY (a)
& (bE vus 29 e §48 4 w29 &3 PHe
oAgA Aes=te] wel DDe A7)r el (@)e R
¥ xE8 shanmonf® 743} OBDDIHE ZHEF A¢

i (b)e z+ x=Eutt Z47] B &3 THE Ao

OPKFDDE A4d% 7Z-%-°ltt. OPKFDDe| ¢ E&t &
T RHLE 74 xEvY 7] g §F HEe HEE ¢
leez BDDEY ¢ HE x=E $£2 #+E EEY +
Aot w2t 2L L& REHAT DDFRA @A
5, 4 k20 Y weA xE 7 HEE ¢ F A

OBDD ' OPKFDD
(38 1) 24 ==9f siyddol & DDl 37

¥ = dAE FoA Bt 48 XS] AHA
OPKFDDE AM§%¥t. OPKFDDE #4387 flaiMe 9
gt vt R F A @AY A7 gadt AR,
48 W57t nA A W, Al 7HAY 9¥ ¥ £4 FelA
DD¢} 2718 #AA e dHHESs #4188 AP Roln}
&4, OBDD, OFDD, 18l1 OKFDDS o224 OPKFDD
o dE d7E 7 =AY FEE ddse A7)
M Zo] majEolof @t} olejF A W] OPKFDDY #
423 EAE v o8 FAR d8lA don o7 EF
Al A7} olFojA A Rt gty @A7A = OKFDD
¢} Pseudo Kronecker treee] #3 9771 $3 3=
stor}, Aol Eof OPKFDD| tidt Aol Z7)bsta 9l
oH4-6,9-13]. B =ENE &3 F dAs A, & x&
o $E AAST BAY 2HE wHol A&HY

a5 s ““3"173}312} o dEEreME AAE Yye
% GE d7e FA0nE & =RME URA gt
WA OPKFDDE #%3l7] 91% ETDDE T43l7] 93t
ol OBDDY 2 x=9] ¥ ¢4 & exclusive-ORSY f,., ®
foer & 7HIF71E XOR-THH-E REE £3¥. o] §
#¢] DDE ETDD(EXOR Temary Decision Diagram)#}
gt} & OBDDERE 2t vt 714 & #7139 ETDD
& U8 W1, H42¥9 ==F 2= OPKFDDE #5383}
T HYE AT 4 x=e BAYYLE 9 A F
dA 2708 982 % welA ETDDY THEN-7HA,
ELSE-TH 282 XOR-t4 oA 2719 e M=
B b mmofr e $AY & FAYsloiol siv) OPKFDDS
HLGEAE oA 0|9 o] 349 AN 2HE Mg
3 Hie x=2 DDE FAHE F U7t 49 Ao
o | HHAEE AEg AUAANE dAs) Y8 ETDD
8 7t =289 v 8ETE At B =E8dAME o )
£8+2 ETDDY 3712 24 FeA 713 2L =5g
e B AL HEYEY] fEA 2 Hde ddE RER
(sub-tree)ol £@€E == FE Adse Folth. 18y,
o] e MR i m2Ed 939 FHE ==89 A
& 1A R B =RdMe v $¥re £8A
€ Eolx FHEAEL 1Ey] 8 1ad FHz29 wy
& AMgc vpARe R o sEoA At WPz 3
4§ OPKFDDS} OBDDE ®ad 4¥47E AAgd,
€ =89 74 dgn @k A 2404 OPKFDD

o g AAMstR, A 3FelM = 1€ OBDD A& A

OPKFDDE f=siie Wid Foid d8us &AM s
A 7 =29 8% e AYse dadFe Ager
a3 A agdxEe A 3N AL dneFe) AYEH
€ AN, viAges ZE% $F A7 1EE AFh

2, g@ Aoy

2.1 OPKFDDs {Ordered Pseudo-Kronecker Functional
Decision Diagrams)
DDst OBDD, ETDD zL8la OPKFDD4 A8+ thes)
#tH7,14]. OPKFDDE §%34 DDY Adg zer

[4 9] 1] Decision Diagram

YA X, 1 = {2,057, )00 NF DDE FEI} e
Wk H) @ 18 T(directed acyclic graph)olth. o] 13
ZE kA EB9le =ZF zhed 8)-9%(non-terminal) %
S¥lterminal) =52 FAREC v-dd kT ol oY HE
% B BRI low(v) & hightv) F N9 A =B e
2R 9 22 pE 0 EE 19 @& 23 A x27) gl

(%9 2] Ordered Decision Diagram
DD9 z} AZo|A 7+ ¥ ¥grt A4 ¥ gn 7



Ao dHWF X7t FUsthd DDE ordered #lt}
3 g

DD otdish #e &% EYg AH83te B¢ 58
2EE £ gtk

f= xf @ xf} shannon (S)
f=1 @ zf positive Davio (pD)
f= fle =/ negative Davio (nD)

A7\ £ 9} Fle A2 =09 =190 h& £9) cofactor
olx, fF =7 flolth 28lx &L exclusive OR A4t
o]t

d& W JdY 5 f=a+bE Y BR WS
of thste] fP=b, fl=10122 fl=f'D fl=bD1=b
oity. 2B E, A PHe 4 dgd 2e ¥
2 vehd £ gtk

Shannon expansion: f= a-b® a+1
positive Davio expansion: f= b @ a+ b
negative Daviuo expansion: f=1@® a- b

F, 499 #e A9 37HA F34Y F e A
dtof RRY 5 lenz o9 FFEHe] Wy AL 3
N cofactor £/, f1, £} FAXN 242 FEHE & + Atk

[49] 3] OBDD

OBDDE 98+ x,9 ¥ ordered DDsol 7 k&
o] 24 el¢l& Shannont & 7A€t

d& EW OBDDE (29 2)9 2ol &3 wyo] szt

57 Wl &4 wie a8 didel HA gon 99
Mt n e o w8 dERse £M7 g2

(T8 2) nH< B0l CHEH 0BDDs2 HHEHUY ME

(49 4] ETDD
ETDDE t&% Zo] Aog Wy ved 28X G
A AAHeE Hedd

L weF G7F 0(F€& Date 3te 92x=0d, GE 4%
0(%& 1) #4& vehdls ETDDO|T

OPKFDD ZH2BHE $I8 k=0 3ys 2E 35

2 % G7F g £9 UYWL vl A 2 x=8 2t
ok, 1 xEE B8 £ £ = f(v=0), f1 = flv=1)
and £ = Flr=0) ® f(y=1)& Y= 309 76 e 2
e}

3 FeelM I =9 84 delE 8T A2 8%
i

ETDD¥ OBDD$t #AMsbAgt (19 3)3 zEe] ETDDE
Zt ottt 209 7HME exclusive-ORE Hd& Frl=
ZHA & kek 7F x=vhtd 379 outgoing A #E o
4& TDDs (Ternary Decision Diagrams) [14]&1 gt}

(08 3) 28 g0 CHE ETDD

(44 5] OPKFDD

OPKFDD¥= 4895 x,9 the ordered DDol2 2 =2
vt} Shannon, positive Davio, 712}l negative Davio &%
FoAA 17HE HEstd 7] e 83 eljgleg vAdr

g &9 dEHUF il AS $FE (0¥ 99 2
o] OPKFDDE 1A% % ¢lth, OPKFDDsolA 7 ki
M2 o8 &3 Wie HdEE 4 Jle=® OPKFDDs:
3N M2 e &3 Bl g 4 Ut znz
OPKFDDsol & 99le] wEef tfsted 37kx a9y =
AAM g AMEEER Y MERE(EE HA)F0A
AT A B F4E FAY 5 vk B =89 23
& HE AN =27t HAHHEES 3749 HEREE
v DA 270E ddss BE e e Aot

(T8 4) ¥+ g0l CHE OPKFDDY Statgty Mg

[# 9} 6] OPKFDDY »xx:
OPKFDD A o|® X7} Shannon expansion® # &%



366 BEMLISS=EX A HEAH M3IF(R0029)

H®W Shannon xZ83 33 Davio expansion %°]A
positive Davio expansion® 2 #Z®dd 1 %=E& posi-
tive Davio x==&t3 39, negative Davio expansion®. 2
WPt 1 =E& negative Davio =83 #oh,

[4¢ 71 DD 27]
old Bt g4 Fe DD 2718 (FIE & W o] 7]
F FY @3:ZE AT T ot}

3. M9l OPKFDD T4 & #® & =9 HBY
WY u

o] FoME FH 9 OBDDEZHH OPKFDD&
A4 se YL 498 OBDDY 2 :E+ Shannon
expansiono] &3l &R 2749 REYFE JHEIE
THEN-ZH 3 ELSE-HA€ 714, o] W, =848 f
getn x=d #PEE E5E o8t W THEN-ZHE
fo=1®& 717130 ELSE-TE £, & 7RI WA ETDD
& 4487 84 (2§ 59 2o F92 ¥4 OBDD
& TAH3E ZE 2o XOR-THAHE #7148t & Fof
A g+E E¥sn 9 OBDDY 7 xE9 ¥ 4 g
exclusive-ORB4 f,.0® f,-1 & 7Hel7lE XOR-THE& %
=& #Au

d¢ ETDD7F BAEHY olAle &4 x=of d2d T4
FolA 27 Mego=s OPKFDDE A% Uzle Aol
o £ =89ME o £4€ OBDD, & ETDD®| THEN-
ZHA, ELSE-7H4 z8l3 XOR-HA FellAM 209 7 &
A9ty Jhssd H29 xSt HEE 7 kEoAY
#33¢ ZA% OPKFDDE +A4 @)

(% 5) 2t ==9| XOR-2+M WH(ETDDE H4)

ETDDZ%H #H49 == & z+ OPKFDDE +48%
7] S8A Z =9 BAYE FAN) AMM e 2
£ HE¥FE Mg F, (29 6)3 Zo] ETDDS 37}
A FelM bt AL xEE e @ PAE A4
7} A 7 e AdE xE 8 Adshe geelth
a8y, o] HgEFE A2 F8E == 1A %
ong o Hg¥FTE AHgde Bl W ALY

A3E FA "Eq 182 oY vAEYE AAH
e FAHo2 Lo BES MYl s, ojn] MYy
REES I v 8958 028 & Wi Adsd g
e Aae EE3AA 8o A" HEgEE (a9 D
3 Zo] x| ‘selected’@tn B71E 7, olv] Adg-
xECER o o4 F71% H4Ut glernz I vjig 0o
Z ARbste Aotk of £AE v EsE ALY vEE
o Higte F o AGF WL AMSNE olHT ¥y
o8 xEE AN MdaE MYy =8 o
Bl &3He7 g4 AAEA s Ao B =FodA AN
£ wle] ¥ olojrjojolt},

/* OPKFDDE] 2 7H4e] d2d == 4 Adds §F v
OPKFDD_GetCost(m) /* m : an ETDD node +/

(

If( m is a terminal node) return 1 ;

1= OPKFDD_GetCostlelse_node(m)) ; /* ELSE-1+412] cost A4t +/
r = OPKFDD_GetCost(then_node(m)) ; /* THEN-Z-49] cost A4t +/
x = OPKFDD_GetCost(xor_node(m)) ; /* XOR-ZH39) cost A4 »/
return 1 + r + x - max(l, r, X);

}
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/% OPKFDDS] 4 7vio) A48 =& & Adse ¥ v/
OPKFDD_GetCost2(m) /#+ m : an ETDD node */

{

K(m is marked as ‘selected’) retum O ;

Iflm is a terminal node) retum 1,

1 = OPKFDD_GetCost(else. node{m)) ; /+ ELSE-7149] cost A4t »/
r = OPKFDD_GetCost(then node(m)) ; /+ THEN-7+49] cost A4t +/
x = OPKFDD_GetCost(xar_node(m)) ; /* XOR-7Hd9] cost A4t +/
reum 1 + 1+ x - max(l, r, x);

}
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/* Decomposition ¥ A9 */
Decomposition_Type_Choice{m} /* m : an ETDD node */
{
1f( m is a terminal node) return ;
For each subnode n of m, compute cost by OPKFDD_GetCost(n) ;

let n = node with minimum cost ;
Fix_subnodes(n) ; /+« xE n ol&}s] ==& A& & mak ¥«
For each subnode n of m, recompute cost by OPKFDD. GetCost2(n) ;
Select another node n’ with smaller cost ;
Fix_subnodes(n’) ;
Remove_redundancy(m) ; /+ 388 k= Adg AAY »/

}

Fix_subnodes(n)

{
Mark n as ‘selected’ ;
If (nis a terminal.node) return ;
1 = OPKFDD_GetCost2(else_node(n)) ;
r = OPKFDD_GetCost2(then_node(n)) ;
x = OPKFDD_GetCost2(xor_riode(n)) ;
Select smaller two nodes nl, n2

from {else_node (n), then_node (), xor_node (n)} ;

Fix_subnodes (nl) ;
Fix_subnodes (n2) ;

}

Remove_redundancy (m)
{
Find a list / of nodes in the subtree of m,
where all of its subnodes are marked as ‘selected’ ;
For each node n of / {
Find reference count of the subnodes of n;
If there is a subnode with reference_ocount = 1, unselect the node ;
}
}

(O 8) &% Yy Mg gmalE

9 Yo Folz H¢ Pl d¥ OBDDEFH
7t w=o $A4Y L& A8 OPKFDDE A43e A
€ g3 gL dAE T dg@rt 48 B ¥ f
7} dcd ' +acd  +acd+abd+abedoln YREF FA7t
a, b, ¢, d 2 ¥ W OBDDE (19 99 vt

OPKFDD HATHE #IT =0 #Had &3 367

ab M 00 01 1
oo 010
110110

M]170 11

10,11 1]1

(2" 9) &< 12| OBDD

#¥4 £ OBDDS 2 =% Shannon expansion®] )3}
o gad 2709 RESSFE JHelFle 249 BHE MR
thoo] W, xEH4E s kB HZHE AFE oF
%W THEN-7M1& f,., & 7He}7]13 ELSE-TH L f.-0
£ 7874, OPKFDDE Fold #+4¢ BDDE TAs:e
RBE xEo] XOR-HE F7tgezH dA #48 € &
ok, & (2% 1003 Zo] OPKFDDE #%x37] #3 #
oA #+E Z¥EST U= BDDY I x=e R PAE
XOR3ISH £,y @ fo-1 & 718171 XOR-TAME ZEZE F
Rt

f|=D GB flnl
1(2~ )

(38 10) == aoi CHEH XOR-ZH MM

st 2 F3E UA dHWbE A b, ¢, 2R 49
g k=0 M E XOR-1H1E A4ste (2¥ 1D%}
Zo] #3¢ OBDDERH ETDDE wEH. WA ETDD9
7 wsof oi@ 3l d2d == 7€ (3¥ DA F
o}z HEETE ol gBd TII 7R T FAM AR
e xE $E e S AY9En. 48 B0 (3" 1D
o A% AYHF a0 i@ 37HA T FoAM 2-7THAXOR-
Bl ddE == 71 M FAemz (O 129 ()
o} o] 19AeA 2-7hdde] dEgr}. o] Bfole 2-3kA
ol geE2 FHORA T ol AE »=EE HA ¥



368 BEMISB=EX A HEAR M3(20029

(38 1) +HE 0BDDZRE ETODTY

Aut 2-Ade] B x=7b QI MH xE9) 374A] A
FoA e k& £8 2= 209 M Hdsd g4y
£ AR 28404 (29 129 (b9 2ol (¥ 7Y
TR H[BUFE o] 45e] MR ¥ 1 -HAHTHEN-
)3} 0 -7HA(ELSE-ZHd)ol 8 =& +8 FAsly
xE F7F e T4 dgEed o] Ffos 0-Ho)
Aeggnt. aea 1949 shaviAz ddE e AR
= dig 37HA A FAAM FE x= £E ZE 2
o] M Mdsie §398 AU,

(@) 194 : == adlA 2-3+4 (b) 294 : =& adlA 0-7+4d
il Y % 0-7H4e HBw
' = g g

(8 12) 2t ==of A Mo 2y

Ael A2 7 xmo] FHE FHH A FA Ha
9 == F£§ #E 218 AY9sid #3438 ¢ d4s9 (2
¥ 13)8} #o] OPKFDDE AA#} (1§ 13)9) OPKFDD
¥ kE a¥ positive DavioZ xE b¥ Shannono 2 8%
grt == by 1-744, & xE c& Shannon 183 %E
be] b-7HH, & xE ¢ negative Davio® Aot =

xE dt Shannon2Z 489 OPKDFFE TA#h
OBDD#} diaZ#s Fo3 ¢<+8 DDE FHEE H$
OPKFDD7} ¢l H& xE 2 §4+8 BUY & Ut

(228 13) &5 12| OPKFDD 444

4. 7o 9 WY

¥ =M AN e CUolz FEAx, PC WEY
oM 49t 4¥ dAE FolA WxivkA(benchmark) 3)
2o digte] £ =EAAM ALY ¥ OBDDE =5 F2
H) 23Tt

(¥ 1) 0BDD2} OPKFDDS| £ % H|ID

OBDD OBDD OPKFDD | OPKFDD
Benchmark 3 2 | (nitial order)| (sifting) {(Initial order)| (sifting)
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