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The Conversion of a Set, a Sequence, and a Map in VDM to a
Linked List in a Programming Language

Moonsung Yoo'

ABSTRACT

A formal development method is used to develop software rigorously and systematically. In a formal development method, we specify system
by a formal specification language and gradually develop the system more concretely until we can implement the system. VDM is one of formal
specification languages. VDM uses mathematical data structures such as sets, sequences, and maps to specify the system, but most programming
languages do not have such data structures. Therefore, these data structures should be converted. We can convert mathematical data structures
in VDM to a linked list, a data structure in a programming language. In this article, we propose a method to convert a set, a sequence, and
a map in VDM to a linked list in a programming language and prove the correctness of this conversion mathematically.

FIHE : A (formal development method(s)), BAMl(specification, formal specificatio, specification language(s)n), XtBFX
(data structure(s)), XI® HNi(data refinement), XI&® PM8&i(data reification), VOM(Vienna Development Method)
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shed oifEe =2 ol set, sequence, map9
A8TFZE 71X 2 A ¥ 232z VDMY %3 =}
8725 a7 AETZE HFe] " o
A P2EE 23¢ AEFE9 UG EF & 4
zegole AL sty VDMAAE A8TZ7} HEH
Ae o 2 AP EBFFE FHHoz dYUsA F9HF
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AuFzo| e AW 43dME A FHSHdata re-
ification)ol]l ¥ HHE 3 5FolME set, sequence, map
& linked list2 PM3 E& WEsE FdE ANE £ 6
Bl e o] WPo] $4Ho2 EIFFYL W T 7N
Ag8¢ Ped

2. VDM AR

VDM(Vienna Development Method)[9-11]12 Z[12-15]3}
#4 713 ®ol 2ol 3% WA Aoj(formal specification
language) 2 Hdute] QlE IBM dFAaclM AEson
kel Feld HAHQ F A8 Jones, C. B.% Bioner,
Dineselth. VDM Z3 w37tz ARES 4o =98
(predicate logic)ol 1 7|%& 53 Qoil16]. VDM ®&
AL 9RuLMA, M3 H(precondition), ¥FZ 2 (postcondi-
tion g FAHY, 1 F2E g 2o

(] BSFE)
ext

pre

post

(3% 1) VOM E#ge| X

19 a¥olA ext2 rd(read only : 9171 H8)9 wr (write-
and-read access: 23 ¢j7] ZA8)oZ HPsh= ¥ WiF
S Msted AH-EY. pre 719=E @49 43 A B
Zaokd £0lE &, 422 (pre-condition)E& post 7|HE
T g5 Ay F UNEHoY €948 F, Fx(post_
condition)&& 7l1&dted AMEETh FRAANE oAy
Be] BMFES “<---"& AMgdY Uehdd. 98 B9

Crmmmrimnn P

post position = position+ v&}i E @& position® FAro|
o]$0]x7] Mo} Al positiong &)U VDME AH&
stol s A o|§ o2 TAHE TV AEE XNz
o % 7bx] @A) find9 addE AT Y& FHH
N2de yehid g3 g

find(i : Id) n : Name

ext rd s : map Id to Name
pre i€dom s

post n=s(i)

add (i : Id, n : Name)

ext wr s : map Id to Name
pre i€dom s

post s =sU{i—n}

(328 2) VDMeE 1|8t Si5E AjASH]
3. voMa} =20y clojof AojAMe KEP=E

VDMoliA e ART7R(FEE ABH)E 718 F29 -8B

@ TRE UHGET 718 TR 23RS, 4,
A% 33 boolean® 12 FAY Fol Uk BAE 7
ZolE set, sequence, mapF o] o™ YA T2 3
2 doje] ATz wdoly JFY2EE X3 YA
Stk G A29E A A2RE YA set,
sequence, map®] AREE HEFHojoh, VDM Al2g B4
SANAEE A2gE HASY] st AHgdh a9
¥4 AN F2& 23S “how(IEA)7E okl
“what(F-X&)"0lch. wahs FAHA A8 FZE Agdhe
ART FAHY AEF2RE AHESE 2o HA HgHo
m AAs VDM 7|8 ABTERE Z2aYY dojd
E 2 gz EAstd olg Alo|9 WP o}F EA
b glok a2y giREe] T2 Aol e set, se-
quence, maps T3 ARTZRE ZHA1n YA a7 o
£ ol ARTR WEo] W) olg ABRTREL
Zzad doje] Wdoly dF 2E ARFZE HE
& 4 e d 44 2B VY FA2E {45 AS
& & Qleng B =FdAe 94 JAES WAL
VDM A 8F%9] set, sequence, map 3 TE1#% <
ole] AgTxe A FY2ES oo BAH AL T
&3 2

3.1 set
set(AE)S W4 F= AMEY RYoR et T
I 22 gl ALgEd.

€ (&),  (&37 ¥8), C (FEID)
UGHIR, NEAW, \(FAW), NEA 239,

U 3P

32 sequence
sequence(FE)E 8458 ¢HFHoZ JgE Hoz
sequence’l & Th&3 ZE A4Eo] A4 ET

hd (head : # &), tl (tail : 312)), len(length : Z9)),
elms(elements : 824 ), inds(indices : 421), ~ (@4)

33 map

map(FF)E (7], g #e B oz 712 HYdd.
3ol 1o digd F e &L Y oldtolw, mapile
o3 e Adeo] AHgdrt

dom(domain : 2] %), mg{range : A %), expression (%),

<(domain restriction : ]9 A ¥) A(domain exclusion :
Aol wjA),

D(range restriction : 9 @), *(range exclusion: Y
i A),

(A%, 108, 1(F3), v, =(F%), =&
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92 N2AE(EZ H2E)e 4 27} gLxsE 7}
7le XUHE Ze AETZE 42 Y2E9 BAY F
£ AU o] ERoA A" Aae g3 Pt

insert : 94 #Y2E =g F7}
delete : A2 FY2EfA xTE 2}A)
count : 9E ZYAEQ xm=9 4
at(i) - €92 22E7} & /M9 28(data) YEF 23 QU
£ 9 iHA == A7 g
first_at(i) : 94 @ 2E7 F 719 B (data) Y=8
A A A = A WA AR 3
second_at(i) : 42 E|2E7} ¥ /49 A8(data) Y=g
20 e o A x=9 F WA A8 3

4. X& FH 2 (data reification)

A% T 3Hdata reification)[9, 10,17 ,18] £= A& H A
(data refinement)[19-21]% HA ol Jvehd 439 Au
Z2E TEE 4 AE Fud FHEH AT W)
t Aol 2 ¥ EFEE FEFHo JuUsiA
ol |9, 10, 22).

F3H ArFze FAY FETFR Aol #@AE o
9 THone-to-many) ! #AZ} Yotk Gukdd 23 e
g 7 ol e FAAQ g sMA £ vl Yol 4
AuTzY T8 ARTR Aol BAE AN MR
7He #42 389 5 Jdtd o $4+8 3 M(retrieve) §
et FE &ulE Wlo] syl M E A §4t
F 7K 23 F AN (RRE  totality) B A 4 (ade-
quacy)& ok gt

¢ {: X~ Y7 dom () =XE 9F & 3¢ HAH(to-
ta)olgtx @k 47 AAHtotal)7t E7] M= FE
Aol B9 gh(invarant)g 7238 @7t vk o 3
A g7t BE gl disiA Ao £ gl gl A
A gl omg FAAHA grolEte HaE e 7
== gol 9& o o #4+E H i (adequate)dtti 3}
o oS3 Zo] B

Va € Abstract « Ir € Representation * retr (r) =a for
retr : Representation — Abstract

AuTx7t 98 Fo= Hdd 7E x| 24 &
A g FeTh oAl 2oj o @) o] A& operation mo-
deling(A% 2F)oletn ot FH e FHL A4 @0
o EFsA Ha daueEe] AusAd. Ag7vze oY
d 4ol Y983 proof obligations(B $9)9l+ domain
rue(399 FHA)H result rule(Z27 FH)o] Q= T
7 g},

domain rule -
Vr € R« pre -Alretr (r)) = pre-R (r)

result rule -
VT, r € Repre-Alretr () A post-R (T, 1)
=> post-Alretr (T), retr (r)

7]X pre-A%t post-AE F4 AHoMe NzAT
Fx70l3 pre-R% post-Re TN NzAH

Fzolt,

5. Set, Sequence, Mapoll M ™ 2lAEZ S X2
8t -

SET ({aj, a, -, a}® SEQUENCE [a,a, -, al8& 92
H2EZ A= PP e oLy 2o,

ag ol e 2=k HA4 x=(1<k<i)E @
EL k WA == (k+ DA =2 JlE7EE g3
=g WEY @ mAY & A xzo gagce
NILe] HA gt o|8A |7 22EZ F#H$ SETS
SEQUENCEE SET_L# SEQUENCE_Leo|&t1 dA3%H},

MAP {ai-bizg-be . ab)& 97 f2Ez wgs:
Pae oed 2o,

ag A UA dojg =2 23 hE F ¥A Yo
B 822 2= k WA ==(1sk<iDE HED k WA
RE7H (kDA =2 JEYEE Pag=g gus
o & uAe F A x50 g3 A== NILo| HA)
@} olgA 942 Y2rEEZ TEY MAPS MAP Lo

o 2

l
1

Za Qg

ool BA 2As TR A AL8E AeTRe @
g AUEL JEhol Fh 7 dde] dig A B
A7) WEd 2 ArFzoA dEAHQA AN sy of
Ak dwryiz o & SETHAME unionddl, SE-
QUENCEY| M= headd4t, 12|11 MAPY A+ DomRestr
(Domain Restriction)@4tel s 1 4459 HA @A}
TEGANA S dzdd F2HE VDMEEL AHgaa
oS3 2o

g4 A T8 94
union(B : SET) R: SET union(B:SET_L) R:SET.L
ext rd A : SET extrd A:SET_L
pre pre post (Vi: L.R.count
post R=A U B (3j : 1.A.count : Rat(i) = Aat (j)
V (3k : 1.B.oount : Rat(i) = B.at (k)))
head) R: T head) R: T
ext rd A : SEQUENCE ext rd A : SEQUENCE L
pre pre
post R=hd A post R = Aat (1)
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o714 T SEQUENCE 829 A2¥(A+, 4 5)
o

DomRestr (S : SET ) R : MAP DomRestr (S : SET_L) R : MAP_L

ext d M : MAP ext rd M: MAP_L

pre pre

post R =SdIM post (Vi : 1.S.count
(3j : 1.R.count
(3k : 1.M.count

Mfirat_at k) =Sat () A
Rfirst_at (j) = Mfirst_at (k) A
R second_at (j) = M.second_at (k) )))

6. X2 FM3Hdata relfication)oll H#t B

FAHA AET2E TEYY ART2E WEsHE 1

e} 3He A9UsA @ oz Bdok @rH9, 10,22 28
71 8- E $ee T8 ARTRAN FAHEE HA) 2}
B7229 HI(retrieve) 7t FAMH(totaoln 2
(adequate) & Hojorgct, 34 AEFF set, sequencedt
map?] 78 A&TRE dd 2EJQd 97|ME SET,
SEQUENCE, MAP3} LINKED_LISTE R#%t}

e SETO|A ] HZ2 3 retrle thg3. 2ol gt}
retrl(dr) = {dr.at(1), dr.at(2), -+, dr.at (count)}. 9714 count
€ 97 g2E9 k& Folt} retrlo] AAMH (total)o]
A $Hadequate) 32 (B8 D3 (A2 2)9 2o},

(B9 1) retrl& @A (total) o) o}

(3%) LINKED_LISTS 2E %t dro] W&o drat)
(I1gizcount)’t EA3ER {drat(l), drat2),--,
drat(count)}7} &A%t 23822 rerle AHA}
 (total)ol T},

(A7 2) retrle 4§ (adequate)3ir}.

(34) 724 FAg¥(structural induction)& AHE3dte
Fa L=

from d€ SET

1. ddr € LINKED_LIST - dr.count =0

2. retrl(dr) = {}

3. 3dr € LINKED_LIST - retrl(dr) = {}

4, from d& SET(T), w & d

Jddr € LINKED_LIST - retrl(dr) =d

41 from dr € LINKED_LIST, retrl(dr) =d

411 {drat(1), dr.at(2),, drat (count)} =d

412 w & {drat (1), drat(2),, dr.at (count)}

41.3 3drl € LINKED_LIST Vi l<i<count -
drl.at(i) = dr.at (i), drl.at (count+1) = w

414 retri(drl)=d U { w }
infer 3drl € LINKED_LIST - retrl(drl)=d U {w}
infer 3drl € LINKED_LIST - retrl(drl)=d U {w}

infer 3dr € LINKED_LIST - retrl(dr) =d

¢ SEQUENCE°I A 9] H2 ¥4 retr2® g o] F
gt

retr2(dr) = [dr.at(1), dr. at(2),-, drat(count)]. retr27} AA}

A (total) o™ adequate)T-& (B2 33 (Fe] 49} 2o}

(A2 3) retr2 WA H(total)o] o}

(%9%) LINKED_LISTY 2 & xE drf d8td drat()
(Igizcount)’t EASEZ [drat(l), drat(2), -,
drat(count)}7t &A@} 2822 retr2e HA}
| (totaD 0] .

(B8 9 retr2E 3 Hadequate) 3},
(39) 724 AW A8 Sy
from d € SBQUENCE ]
1. 3dr € LINKED_LIST - dr.count =0
2. retr2(dr) =[]
3. 3dr € LINKED_LIST - retr2 (dr) =[]
4. from d € SEQUENCE, w € elems d
3dr € LINKED_LIST - retr2 (dr) = d
41 from dr € LINKED_LIST, retr2 (dr) =d
411 [drat (1), drat(2), -, dr.at (count)] =d
412 w €& [dr.at(1), drat(2), -, dr.at (count)]
413 3drl € LINKED_LISTVi - 1<igcount *
drl.at(i) = dr.at (i), drl.at(dr.count+l) =w
414 retr2(dr)=d " [ w ]
infer 3drl € LINKED_LIST - retr2(drl)=d ~ [ w ]
infer 3drl € LINKED_LIST - retr2 (drl)=d ~ [ w ]
infer Idr € LINKED_LIST - rety2 (drl) =d

e MAPS 782 F /9 A& =7t e LINKED_
LISTZ 7@€t MAPdA e H2 ¥4 retrd3e o
3 o] Aogrt
retr3 (dr) = {dr.first_at (1) dr.second_at (1),dr.first_at (2)~

dr.second_at (2) -, dr.first_at (count)—dr.second_at (count)}.

retr3°} A (total)ol™ A HHadequate) F-2 (F3] 5)% (A

g 6)3 2}

(B2 5) retr3& HAFH(total)ol o}

($%) LINKED_LIST®] BE xE droj] tj3}e] drfirst at
()7 dr.second_at (i) (1<igcount)’} EASHEZ (drfirst_at
(1) dr.second_at (1), dr.first_at (2)> dr.second_at (2), -+, dr.
first_at (count)—dr.second_at (count)}7} &AFch 1g=n
Z retr3& HAHH (total)o] T},

(337 6) retr3& A ¥(adequate)d}ct.
(F9) 723 AddES AH835o 298
1. 3dr € LINKED_LIST * dr.count =0

2. retr3(dr) = {}
3. 3dr € LINKED_LIST - retr3 (dr) = {}
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| 4 from d € MAP, w={fi>s} - f & dom d
Jddr € LINKED_LIST - retr3 (dr) = d
4.1 from dr € LINKED_LIST, retr3 (dr) =d
4.1.1 {dr.first_at (1)~ dr.second_at (1),
dr.first_at (2)~ dr.second_at (2),-,
dr.first_at (count)— dr.second_at (count)} = d
412 f & {drfirst_at (1) dr.first_at (2), - dr.first_at (count)}
413 Jdrl € LINKED_LIST, Vi - 1<i<count -
dri.at (i) = dr.at (i),
drl.first_at {(count+1) = f, drl.second_at (count+1)} = s,
{drl.first_at (count+1) +> drl.second_at (count+1)} = w
4.14 retr3 (dr) = dU{w}
infer 3drl € LINKED_LIST - retr3 (drl) = dU{w}
infer 3drl € LINKED_LIST - retr3 (drl) = dU{w}
infer 3dr € LINKED_LIST - rets3 (dr) =d

—

th$-2 SET, SEQUENCE, MAP3} #3¥ d4to] LINKED_

L1 retrl(R) = {Rat (1), R.at (2),.-Rat (R.count)}
={A.at (1), Aat(2),--,Aat (A.count),
B.at (1),B.at (2),--B.at (B.count)}
={A.at (1), Aat(2),,A.at (Acount)}U
{B.at (1), B.at (2),-,B.at (B.count)}
infer retrl(R) = retr1(A) U retr1(B)
2 8(Vi : 1.R.count,
(3j : 1.A.count,
Rat (i) = Aat () or
(dk : 1..B.count,
Rt (i) = B.at (k)))
infer
(Vi: 1.R.count,
(3j : 1.A.count,
R.at(i) = A.at (j)) or
(3k : 1..B.count,
R.at(i) = B.at (k)))

LISTZ ¥#34e de iz 2& 7|%g dve Ag =

Bejopgit}. olo] #AHE proof obligations(BF F9Y)& retrl(R) = retrl(A) U retrl(B)
domain rule(3 2} 72)3} result rule(d3 FH)elt}. ol
K& Aol lojA WA 7@ Az (pre-condition)
o] TRUE®]7] wWi£d domain rulel #& F¥L & "8
7} itk webA result ruledl W@ FE Wi Z

® SEQUENCEAI A 9] HEAD %ixte] AAte] 9lo] result rule
< (B9 9% ¥t

(47 8)
B7ZY UHEAHQ ditd diste 5FjA Jed FHL nAn D
A28 result rule® (A2 7),(FdE 8),(AE 9)dA rl& -
e SETol4¢] UNION @4to] el %16} result ruled (%13)

(A& D3 2
A=A D

Vi: L.R.count,

(3j : 1..A.count,
Rat () = Aat (j)) or
(3k : 1.B.count,

Rat (i) = B.at (k)
=3

retrl(R) = retrl(A) U- retrl(B)

(%3)
from A, B, R € SET
where retrl(A) = (At (1), A.at (2),--, A.at (A.count)},
retrl(B) = (Bt (1), B.at (2),--B.at (B.oount)} ,
retrl(R) = {R.at (1), R.at (2),~,R.at (R.count)}

1 from Vi : 1.R.count,
(3j : L.Acount,
Rat (i) = A.at (§)) or
(3k : L.B.count,
Rat (i) = B.at (k)

from A € SEQUENCE
1. from R = Aat(1)
1.1 hd(retr2 (A)) = hdfA.at (1), Aat(2),---, Aat (Acount)] = Aat (1)
infer retr2 (R) = hd(retr2 (A))
2. 3R = Aat (1))
infer R = At (1)
=
retr2 (R)=hd(retr2 (A))

® MAPsd| A 2] DomRestr(Domain Restriction : 229 A1)
Axre] Aol glol result ruled (B 98 Zr}

(3 9)

(Vi : 1.S.count,
(3j : 1.R.count,
(3k : 1.M.count,
M first_at (k) = S.at ()
R first_at (j) = M.first_at (k)
R.second_at (j) = Misecond_at (k) ))
=
| R=S 4 M
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(54)
from M € MAP
1from {(Vi: 1.S.count,
(3j : 1.R.count,
(3k : 1. M.count,
M first_at (k) = S.at (i)
Rfirst_at (j) = M.first_at (k)
R.second_at (§) = M.second_at (k))))
1.1 retrl(S) < retr3(M) = {S.at (1), S.at(2),-,S.at (S.count)} <
{M first_at (1)~M.second_at (1).,--,
M first_at (M.count)->M.second_at (M.count)}
= {R-first_at (1)~R.at (1).second, ",
R first_at (R.count)>R.second_at (R.count)}
infer = retr3 (R)
2. 8(Vi: 1.S.count,
(3j : 1.R.count,
(3k : 1.M.count,
M first_at (k) = S.at (i)
R first_at (j) = M.first_at (k)
R.second_at (j) = M.second_at (k))))
infer (Vi 1..S.count,
(3j : 1..R.count,
(3k : L.M.count,
Mfirst_at (k) = S.at (i)
R first_at (j) = M.first_at (k)
R.second_at (j) = M.second_at (k))))

=
R=S4dM

.d B

VDME AL83le] HAg ATEYE Yubzgl =23
B Aolz FEE o sdslojol & FA7F VDMeA A}
4% 733 ABTZ9 set, sequence, map® T 1w
doje] ArTFRE WP, o FAY AZFREL L
29 dojoA AgEHE ARTRY d4 d2ERY W
go] 7 o] =RoME I WS Wy 1 W g
e AR A o] =RAAE HF VDM
A AMRSE B71ME AN AAIT dubH o2 Ao AL
g %A AR set, sequence, mape T2 Qojg
AaTxQ 4F 22ER9) W] JFrEe B
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